In this paper, we construct self-dual codes from a construction that involves both block circulant matrices and block quadratic residue circulant matrices. We provide conditions when this construction can yield self-dual codes. We construct self-dual codes of various lengths over F 2 and F 2 + uF 2 . Using extensions, neighbours and sequences of neighbours, we construct many new self-dual codes. In particular, we construct one new self-dual code of length 66 and 51 new self-dual codes of length 68.
Introduction
Self-dual codes are a class of linear block codes that have been extensively studied in recent history. One of the most famous and extensively used constructions, used to construct self-dual codes, is the double circulant construction. It involves considering a generator matrix of the form (I|A) where A is a circulant matrix. In 2002, Gaborit ([6] ) introduced the notion of a quadratic residue circulant matrix. Let R be a finite commutative Frobenius ring of characteristic 2 and p be prime. Let γ i ∈ R, A be a p × p circulant matrix, Q r (a, b, c) be the p × p circulant matrix with three free variables, obtained through the quadratic residues and non-residues modulo p. Thus, the first row of r = (r 0 , r 1 , . . . , r p−1 ) of Q p (a, b, c) is determined by the following rule:
if i is a quadratic residue modulo p c if i is a quadratic non-residue modulo p.
In [6] , Gaborit considered constructing self-dual codes from generator matrices of the form (I|Q p (a, b, c)) and     γ 1 γ 2 · · · γ 2 γ 3 γ 4 · · · γ 4 γ 2 γ 4 . . .
In [7] , these techniques were extended to constructing self-dual codes from generator matrices of the form (Q p (a, b, c)|A) and    
where A is a p × p circulant matrix. In this article we consider constructing self-dual codes from generator matrices of the form
where Q i are quadratic residue circulant matrices and A i are p × p circulant matrices.
Section 2 of this article contains a brief introduction to self-dual codes. We discuss some important properties of quadratic residue circulant matrices in section 3. In section 4, we describe the construction itself. We provide theoretical results that establish certain conditions when this construction yields self-dual codes. In section 5, we apply the construction to find many known and unknown self-dual codes that had not been previously constructed. We conclude with listing the newly constructed codes and a suggestion for future work.
Preliminaries
Throughout this paper, R will denote a commutative Frobenius ring of characteristic 2. A code C of length n over R is an R-submodule of R n . Elements of the code C are called codewords of C. Let x = (x 1 , x 2 , . . . , x n ) ∈ R n and y = (y 1 , y 2 , . . . , y n ) ∈ R n . Define the Euclidean inner product between x and y as x, y E = x i y i . The dual C ⊥ of the code C is defined as
If C = C ⊥ , we say that C is self-dual. For binary codes, a self-dual code where all weights are congruent to 0 (mod 4) is said to be Type II and a self-dual binary code is said to be Type I otherwise. The bounds on the minimum distances for self-dual codes are given in [15] and are as follows: Although, the theoretical result in this article is based around commutative Frobenius rings of characteristic 2, all the computational results are based on the rings F 2 and F 2 + uF 2 . Now, F 2 + uF 2 := F 2 [X]/(X 2 ), where u satisfies u 2 = 0. Thus, the elements of the ring are 0, 1, u and 1 + u, where 1 and 1 + u are the units of F 2 + uF 2 . We also define the Gray map φ from F 2 + uF 2 to F 2 2 given by φ(a + bu) = (b, a + b) where a, b ∈ F 2 . The next result, introduced in [14] , will be implemented throughout this article. Theorem 2.2. Let C be a binary self-dual code of length 2n, G = (r i ) be an n × 2n generator matrix for C, where r i is the i-th row of G, 1 ≤ i ≤ n. Let X be a vector in F 2n 2 with X, X = 1. Let y i = r i , X for 1 ≤ i ≤ n. Then the following matrix 
generates a binary self-dual code of length 2n + 2.
Two self-dual binary codes of dimension k are said to be neighbours if their intersection has dimension k − 1. Let C be a self-dual code. Let x ∈ F n 2 − C then D = x ⊥ ∩ C, x is a neighbour of C. Let x 0 ∈ F 2n 2 − N (0) . In [8] , the following formula for constructing the k-range neighbour codes was provided:
Quadratic Residue Circulant Matrices
Let Q p (a i , b i , c i ) be the i th -p×p quadratic circulant matrix, where a i , b i , c i ∈ R and p is a prime number and 0 ≤ i ≤ 2. For the purposes of this article, we need to evaluate
From [6] , we can clearly see that
First we will consider the case when p = 4k + 1 and then the case when p = 4k + 3.
Proof. Assume that p = 4k + 1. Let Q = Q p (0, 1, 0) and N = Q p (0, 0, 1), then
Recall ( [6] ) that Q = Q T , N = N T , QQ T = (k + 1)Q + kN , QN T = N Q T = k(Q + N ) and N N T = kQ + (k + 1)N . Therefore,
Proof. Assume that p = 4k + 3. Then
Recall ( [6] ) that Q = N T , QQ T = N N T = I + kQ + kN , QN T = kQ + (k + 1)N and N Q T = (k + 1)Q + kN . Therefore,
The Construction
We shall now describe the main construction itself and provide conditions when this construction produces self-dual codes.
and let C be the linear code of length 6p generated by the matrix M , where A i are p × p circulant matrices over R. Let CIRC(A 1 , . . . , A n ) be the block circulant matrix where the first row of block matrices are A 1 , . . . , A n and a [l]3 = a (l mod 3) , then
Clearly, C is self-orthogonal if and only
Using Theorem 3.1, we can see that
Additionally (by Theorem 3.2), if p = 4k + 1 then
and if p = 4k + 3 then
Combining these results, we reach the following:
Theorem 4.1. Assume that p = 4k+1. Then, C is a self-orthogonal code if and only if the following conditions hold:
Theorem 4.2. Assume that p = 4k+3. Then, C is a self-orthogonal code if and only if the following conditions hold:
Theorem 4.3. The matrix M has full rank iff the following conditions hold:
for some p × p circulant matrices C k and D l over R.
Proof. Clearly,
has full rank iff M N = I 3p for some 6p × 3p matrix N over R. Let N ′ = (n 1 , . . . , n 6p ) T be the first column of N , clearly M (circ(n 1 , . . . , n p ) T , . . . , circ(n 5p+1 , . . . , n 6p )
where C k and D l are p × p circulant matrices over R. Now,
and M has full rank iff: Proof. By the previous result,
Adding these equations, we obtain that
since circulant matrices commute. Therfore,
If C is self-dual, then M M T = 0 3p and
Consequently,
Theorem 4.5. Assume that p = 4k + 1. Let C be self-dual. Then,
Proof. By the previous result, 
In the next result, we consider a specific example of a commutative Frobenius ring of characteristic 2. For the purpose of the next result, we assume that R is a local ring with a residue class field that contains 2 elements. Theorem 4.6. Assume that p = 4k + 3, R be a local ring with a residue class field that contains 2 elements and assume that k is even. Let C be a self-dual code over R. Then, (0, 1, 0) , N = Q p (0, 0, 1)) and Q 3 B + Q T 3 B ′ = I p for some matrices B and B ′ . Let J be the unique maximal ideal in R. It remains to show that
So a 3 + 1 is invertible by modulo ideal J and a 3 ≡ 0 (mod J). Thus Q 3 ≡ Q (mod J) or Q 3 ≡ N (mod J) and Q 2 = N 2 = I p since k is even and Q 2 = N 2 = I p + kQ + kN . Thus Q 3 (mod J) is invertible.
Numerical results
In this section, we construct new self-dual codes of length 66 and 68 via certain extensions, neighbours and sequences of neighbours. Initially, we consider the above construction when p = 5 over F 2 + uF 2 . We construct an extremal self-dual code (type I) of length 60 (described in Table 1 ). From this code, we construct an extremal self-dual code (type I) of length 64 via an F 2 + uF 2 extension (Table 2 ). Next, we find a new self-dual code of length 66 by an F 2 extension of the previously constructed self-dual code of length 64 (Table 3 ). Finally, we find new self-dual codes of length 68 via an F 2 + uF 2 extension of the previously constructed self-dual code of length 64 and sequences of neighbours of this code (Tables 4, 5 , 6, 7 and 8). Magma ( [2] ) was used to construct all of the codes throughout this section.
The possible weight enumerators for a self-dual Type I [60, 30, 12]-code is given in [4, 5] as:
W 60,1 = 1 + 3451y 12 + 24128y 14 + 336081y 16 + · · · , W 60,2 = 1 + (2555 + 64β) y 12 + (33600 − 384β) y 14 + · · · , 0 ≤ β ≤ 10.
Extremal singly even self-dual codes with weight enumerator W 60,1 and W 60,2 are known ([10]) for β ∈ {0, 1, . . . , 8, 10}.
To begin with, we construct the following code:
The possible weight enumerators for a self-dual Type I [64, 32, 12]-code are given in [4, 5] as:
W 64,1 = 1 + (1312 + 16β) y 12 + (22016 − 64β) y 14 + · · · , 14 ≤ β ≤ 284, W 64,2 = 1 + (1312 + 16β) y 12 + (23040 − 64β) y 14 + · · · , 0 ≤ β ≤ 277. Table 1 . Self-dual codes of length 60 (codes over F 2 + uF 2 when p = 5)
Extremal singly even self-dual codes with weight enumerators W 64,1 are known ( [1, 9, 16] The weight enumerators of an extremal self-dual code of length 66 is given in [5] as follows:
W 66,1 = 1 + (858 + 8β)y 12 + (18678 − 24β)y 14 + · · · where 0 ≤ β ≤ 778, W 66,2 = 1 + 1690y 12 + 7990y 14 + · · · and W 66,3 = 1 + (858 + 8β)y 12 + (18166 − 24β)y 14 + · · · where 14 ≤ β ≤ 756.
Together with the codes recently obtained in [1] and the ones from [12] , [13] and [7] , extremal singly even self-dual codes with weight enumerator W 182, 187, 189, 191, 192, 193, 195, 198, 200, 201, 202 Table 3 . Self-dual codes of length 66 from F 2 extensions of codes from Table 3 where x i = 0 for 1 ≤ i ≤ 33. Let N (0) = F 1 . Applying the k th -range neighbour formula (in section 2), we obtain: We shall now separately consider the neighbours of N (7) , N (8) and N (9) . 
Conclusion
In this work, we introduced a new construction that involved both block circulant matrices and block quadratic residue circulant matrices. We demonstrated the relevance of this new construction by constructing many binary self-dual codes, including new self-dual codes of length 66 and 68.
• Codes of length 66: We were able to construct the following extremal binary self-dual codes with new weight enumerators in W 66,3 : 
